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Abstract—This paper presents a new method for simulating 

shallow-water waves for the marine simulator. Firstly, a sequence 

of sea surface height fields is achieved by solving 2D Boussinesq 

type equations. These height fields can exhibit the combined effect 

of the most shallow-water waves in the coastal region, such as 

shoaling, refraction, diffraction, reflection and non-linear wave- 

wave interaction, etc. Secondly, these height fields are synthesized 

to a new unlimited long sequence by rearranging their order 

according to their similarity. Finally, the height fields are used as 

vertex textures sampled by a view-dependent sea surface grid in 

the new order. Experimental results show that the simulated 

shallow-water waves have realistic effect with fast rendering 

speed. It is suitable for the applications of real-time simulation, 

the marine simulator especially. 

 
Index Terms—Shallow-water waves simulation, Physically 

based wave modeling, Real-time wave rendering, Marine simu- 

lator.  

 

I. INTRODUCTION 

Simulating ocean waves has been among the most important 

problems in the study of the marine simulator, because the 

realistic waves can not only increase the realism of the virtual 

ocean scene, but also provide correct wave-parameters to the 

ship maneuvering model. It has also been one of the most 

challenging problems in the research of the marine simulator. 

Firstly, ocean waves are an important factor for ship 

maneuvering, which requires accurate wave models. Secondly, 

the visual systems in marine simulators are common multi- 

channel, so the ocean waves in each channel must stitch up 

seamlessly. Finally, the virtual scene also contains many other 

objects (ships, islands and buildings, for example), so the ocean 

waves must be rendered enough quickly to ensure that the 

whole scene is rendered in real-time. 

 There are many different types of waves in the ocean: tide, 

tsunami, wind wave, ship wave, deep-water wave and 

shallow-water wave etc. This paper focuses on the simulation 

of shallow-water waves because the vast majority of virtual 

scenes in the marine simulator are in coastal region. The 

significant wave in this region is the shallow-water wave, 

which is generated by deep-ocean waves transmitting to the 

shore. The simulation of shallow-water waves is more 

difficulty than that of deep-water waves because shallow-water  
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 Fig. 1.  A photo taken in one of our marine simulators. 
 

waves have more complex phenomena due to the influence of 

the topographic and marine structures. 

There are two majors companies in the market of marine 

simulator: Norcontrol and Transas. These two companies offer 

a large range of marine simulators. Nevertheless, we cannot 

find any realistic simulation of shallow-water waves in their 

simulators. The marine simulators produced by us before also 

used the deep-ocean wave model in the coast region [1], [2]. 

In this paper, we introduce a method for simulating shallow- 

water waves in the coast region for the marine simulator, which 

is capable of exhibiting the combined behavior of shallow- 

water waves such as shoaling, refraction, diffraction, reflection, 

non-linear wave-wave interaction, etc. Fig. 1 is a photo of our 

marine simulator. Our method will be applied in this system. 

 

II. PREVIOUS WORK 

In this section we briefly overview some of the previous 

work on shallow water simulation in computer graphics. For an 

review in engineering we recommend [3]. 

 Some previous work on water simulation modeled water as 

a surface using parametric representations [4]–[8]. Wave 

refraction caused by water depth varying was simulated using 

wave tracing. Ref. [4] used this method for simulating the wave 

near the shore in their maritime training simulator. Ref. [9] 

proposed a geometrical model accounting for refraction, 

diffraction, reflection, transmission and multi-waves trains, and 

described a specific algorithm for the rendering of multi-waves 

trains. These methods can only simulate water waves in the 

simple environment, and the accuracy of wave movement is 

low. 
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Others rely on solving the hydrodynamics equations to 

simulate shallow-water waves. Ref. [10] used finite differences 

to solve simplified 2D shallow water equations over a dynamic 

height field. This method can generate the effects of wave 

refraction with depth, wave reflection, etc. Ref. [11] made the 

computation more stable by using the implicit semi- 

Lagrangian integration for 2D shallow water equations. 

There is a lot of work has been done on fluids simulation by 

solving 3D Navier-Stokes equations [12]–[14]. Although these 

methods can generate high quality simulating result of 

shallow-water waves, all of these methods are computationally 

expensive. They can not been used for simulating large area of 

near-shore wave therefor. 

 

III. SEA SURFACE MOTION MODEL 

Because all of the current models in computer graphics fields 

can not meet our demand for simulating large area of 

shallow-water waves we have to find a model in the fields of 

engineering.  

There are several different models for shallow-water waves 

simulation. The 2D Boussinesq equations model is the most 

suitable for our needs. The careful comparison of each model 

was given in [3]. The details about Boussinesq equations used 

in our method can refer to [15]-[17]. 

 
TABLE 1: SYMBOL LIST IN BOUSSINESQ EQUATIONS. 
 

P flux density in the x-direction, m
2
/s 

Q flux density in the y-direction, m
2
/s 

Fx horizontal stress term in x-direction 

Fy horizontal stress term in y-direction 

B Boussinesq dispersion factor 

C Chezy resistance number, m
0.5

/s 

x, y Cartesian coordinates, m 

d still water depth, m 

g gravitational acceleration( = 9.8 m/s
2
) 

h total water depth( =d+ξ), m 

n porosity 

t time, s 

α resistance coefficient for laminar flow in porous media 

β resistance coefficient for turbulent flow in porous media 

ξ water surface level above datum, m 

 

The symbols we used are listed in TABLE 1. The enhanced 

2D Boussinesq equations in our method are: 
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where Boussinesq dispersion term ψx and ψy are defined as: 
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where the subscripts x, y and t denote partial differentiation 

with respect to space and time respectively. 

The horizontal stress terms are described using a 

gradient-stress relation, which reads: 
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where vt is the horizontal eddy viscosity. 

The equations were solved using an implicit finite difference 

technique with variables defined on a space-staggered 

rectangular grid. We can get a sea surface elevation (total water 

depth, h) at every grid point and two flux (depth integrated 

velocity, P, Q) in x and y directions through every grid after 

each time step. We define sea surface elevations at a time step 

as a height field and the fluxes at a time step as a motion field. 

Because we can not solve it in real-time, we save the results in a 

period of time into a file. 

 

IV. SEA SURFACES REORDERING 

In order to render the finite sea surfaces in unlimited time 

continually, we developed a method similar to the one in [18]. 

We consider the sea wave as a Markov process, with each state 

corresponding to a single sea surface, and the probabilities 

corresponding to the likelihood of transitions from one to 

another. Through reconstructing the sequence of the sea surface, 

we make the wave ―timeless‖. 
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The first step in creating the ―timeless‖ sequence is to 

compute similarity between all pairs of sea surfaces. We define 

the similarity between two sea surfaces as: 
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The first part in the right of the definition denotes the 

distance between two height fields and the second part in the 

right denotes the distance between two motion fields, the 

constant δ used to control the relative weight between shape 

similarity and dynamic similarity. We not only use the height 

fields but also the motion fields to measure the similarity. The 

reason is that the two height fields may be similar to each other, 

but their movement may be in opposite directions. 

The next step is to compute the transition probability from 

one surface to another. The basic idea will be to create 

transition from surface i to surface j anytime the successor of i 

is similar to j—that is whenever Di+1,j is small. A simple way 

to do this is to map these similarities D to probabilities T 

through an exponential function: 

 

 1,exp( / ),ij i j  T D  (9) 

 

where constant σ adjusts the mapping between similarity and 

probability. Smaller values of σ make better transitions, while 

larger values of  σ allow for greater variety at the cost of poorer 

transitions. The probabilities in every row of T must normalized 

to ensure the 1
ijj
 T  Further improvement of the probability 

matrix T can be considered similar to [18]. 

The last step is to synthesize a new ―timeless‖ sequence of 

sea surfaces. Two different algorithms can be used: random and 

loop. For random method, the rendering begins from any height 

field before the last non-zero transition probability. Then, the 

next height field is selected according to the transition 

probability. For loop method, you can select a sequence of sea 

surfaces with the largest transition probability and rendering 

repeatedly. 

 

V. SEA SURFACE RENDERING 

Because our simulation regions are usually very wide, every 

height field is very large. In order to get fast rendering speed we 

don't render the height fields as regular grid directly. We create 

the sea surface with view-depended grid and use the height 

fields as vertex textures sampled by the sea surface. 

5.1 Geometry of Sea Surface 

We can use two kinds of view-depended grids, one is a 

projected grid and another is a radial grid, as shown in Fig. 2. In 

projected grid method, the vertexes of the grid are even-spaced 

in view plan and then project to sea level. In radial grid method, 

the center position of the radial grid is the camera position on 

sea level and it provides more detail closer to the viewer. They 

all have LOD effects. We recommend that the interested reader 

refer to [19], [20] for detailed explanations separately. 

 

X

Y

Sea level

View plan

 X

Y

(a)Projected grid (b)Radial grid
 

 
Fig. 2.  Projected grid and radial grid. 

 

5.2 Color of Sea Surface 

The color formulas of the sea surface in our method are: 

 

 S( )* (1 S( ))*final surface foamC h C h C    (10) 

 F( )* (1 F( ))*surface reflect refractC C C     (11) 

 reflect sky sun localreflectC C C C    (12) 

 
* *( )* (1 )*atten dist atten dist

refract object waterC e C e C    (13) 
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The terms used in these formulas are summarized in TABLE 2. 

 
TABLE 2.  TERMS USED FOR RENDERING. 
 

Cfinal Final color of the sea surface 

Csurface Sea surface color without foam effect 

Cfoam Color of the foam 

Creflect Reflect color from outside of water 

Crefract Refract color from inside of water 

Csky Color of the sky 

Csun Height light color from the sun 

Clocalreflect Reflect color from object near to camera 

Cobject Color of object in water 

Cwater Color of water itself 

S(h) Dense factor of foam 

F(θ) Fresnel factor, saved in an 1D texture  

h Height of current pixel 

h0 Height begin to generate foam 

hmax Height at witch foam is maximum 

θ Angle of view direction to current normal 

atten Attenuation factor 

dist Distance from sea surface to object in water  

 

VI. IMPLEMENTATION DETAILS 

Here we give an overview of our implementation and 

provide some details about nontrivial steps. The method can be 

divided into two stages: pre-computing and real-time 

computing, see Fig. 3. 
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Fig. 3.  System overview diagram. 

 

In pre-computing stage, the main work is solving Boussinesq 

equations to get a sequence of height fields of the simulated 

region. In order to ensure the solving stable, water depth must 

be considered when setting wave parameters. The sponge layer 

is used to eliminate the wave and the porosity layer is used to let 

the wave transmission through the porous object. After a 

sequence of height fields have been gotten, we make vertex 

textures from them and compute a new ―timeless‖ sequence. 

In real-time rendering stage, the view-depended sea surface 

samples the vertex textures to get the height of vertexes. 

Trilinear filtering was used to ensure the visual quality when 

sampling. Two methods were used to simulate the reflect effect 

of the water surface. We use the cube map method to compute 

the reflect color of sky and object far to camera, and use the 

mirror reflection method to compute the reflect color of object 

near to camera. Bump textures are used to simulate the little 

wave on the sea surface. Foam textures are used to simulate the 

foam after wave break. The highlight effect of sun is also 

considered when rendering. 

 

VII. RESULTS 

This section shows an application of our method for 

simulating shallow-water waves in Dalian Port. The region of 

simulation is 9000 m × 8100m, and the grid interval is 4.5m, the 

number of grid points is 2001 × 1801. The ocean wave comes 

from east and the wave height is 4m, the wave period is 12s. 

The Fig. 4 is the bathymetry of simulation region. The Fig. 5 

and Fig. 6 are height fields of sea surface generated by regular 

wave and irregular wave respectively. It is clear to see the wave 

of refraction, reflection, diffraction and non-linear wave-wave 

interaction effect from the pictures. 

We rendered the scene on a PC of Pentium 4 2.6GHz CPU, 

1.5G RAM and a Geforce 8500GT graphics card. The frame 

rate is 126 fps when not rendering harbor object. The frame rate 

range from 120 fps to 20 fps according the number of objects in 

the view frustum. Fig. 7 was created by capturing frames from 

the real-time simulation of Dalian Port scene at different 

viewpoints. The waves in different regions have different 

appearances, which correctly reflect the impact on waves by the 

topography and coast constructions. Fig. 8 shows some frames 

captured from our system in different air conditions. 

 

VIII. CONCLUSION 

In this paper, we propose a new method of simulation large 

area of shallow-water waves in the coastal region. Using this 

method, the near-shore wave can be rendered with realistic 

effect in real-time. The Boussinesq equations guarantee the 

accuracy of the sea surface motion. By reordering the sequence 

of sea surface, we make the animation of wave ―timeless‖. The 

view-depended sea surface grid and vertex textures make the 

system can render large area of sea surface in real-time. 

However the method can not have the real effect of wave 

curling and breaking due to using 2D Boussinesq equations to 

get the height fields of the sea surface. How to introduce these 

effects to our system will be studied later. 

 

 
 

Fig. 4.  Water depth of the simulation region. 

 

 
 

Fig. 5.  Height field generated by regular wave. 
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Fig. 6.  Height field generated by irregular wave. 

 

 
 

Fig. 7.  Frames of rendering result in different viewpoint. 

 

 
 

 Fig. 8.  Frames of rendering result in different weather. 
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