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Laplacian-based Design:  Sketching 
3D Shapes  

Bin Sheng and Enhua Wu  

 
Abstract— The sketch-based shape modeling is one of the most 

challenging and active problems in computer graphics. In this 
paper, we present an interactive modeling system for generating 
free-form surfaces using a 2D sketch interface. Since inferring 3D 
shape from 2D sketches is an one to many function with no unique 
solution, we propose to interpret the given 2D curve to be the 
projection of the 3D curve that has minimum curvature among all 
the candidates in 3D. In this way, firstly, we present an algorithm 
to efficiently find a close approximation of this minimum 
curvature 3D space curve. In the second step, our system could 
identify the 3D surfaces automatically, and then we apply 
Delaunay triangulation on these surfaces. Finally, the shape of the 
triangular surface mesh that follows the 3D profile curves is 
computed using harmonic interpolation by solving Laplacian 
equations. We present experimental results on various kinds of 
drawings by the interactive modeler.  
 

Index Terms— Curvature, Interpolation, Free-form surfaces, 
Sketch.  
 

I. INTRODUCTION 
Nowadays, most designers still prefer to express their 

creative design idea through 2D sketches. Obviously, freehand 
sketching, the informal drawing of shapes using free-form lines 
and curves, has remained one of often the most powerful and 
most natural ways of conveying information about the shape, 
composition and relationships of an object’s components. 
However, space curve sketching using 2D user interfaces has a 
challenging and active research problem of interpreting 2D 
sketches of curves and surfaces as a 3D entity. A sketch is a 
projection of a 3D object onto an arbitrary 2D plane. 
Reconstruction is the inverse process of such projection. 
Obviously, the projection from 2D to 3D is mathematically 
indeterminate. It is well known that the fundamental difficulty 
is in choosing the appropriate one. 

Anyway, most of the sketch-based modeling tools try to 
avoid addressing this fundamental problem directly due to its 
complexity. These systems provide a fixed canvas to the user to 
draw the 2D curve, thus fixing the 3D curve to be on the 
canvas. 
 They provide tools to change the shape of the canvas to enable 
the user to draw non-planar curves. One of the clever uses of 
this canvas method was by [1], where the system provides a 
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planer canvas first and the user starts with a planar closed curve. 
Often, curves that are not drawn on the canvas are interpreted 
as gestural inputs for viewpoint or object manipulation. In spite 
of all the successes that have been achieved in the field of 
sketch-based modeling, the fundamental problem of space 
curve determination still remains to be a challenging one. 

In this paper, we attempt to provide a physically sound and 
mathematically elegant method of 3D space curve 
determination from a 2D curve. We propose that the 3D curve 
corresponding to the given 2D curve is the one that minimizes 
the maximum normal curvature in 3D. In addition, we propose 
an FEM-based sketch modeling method for general 
unstructured free-form hand-drawings. 

We sketch the network of planar and non-planar input curves 
and specify the patch connectivity. Our system automatically 
generates a free-form surface that fits the network of curves. 
Once an initial 3D model, based on the input sketch is 
presented, the user could modify it to get the desired shape. The 
3D surface shape is generated in the form of a 3D parametric 
surface, which is obtained by transforming the 2D plane into 
3D surfaces and automatically interpolating the mesh vertices 
of the 2D triangular mesh into 3D.(See Fig. 1).  

Primarily, there are four main contributions in this paper as 
follows: 

1) We prove the existence of the projection from 2D 
curves to 3D curves using curvature minimizing, and 
developed the technique to account for a profile curve 
to infer a 3D curve. 

2) We generate smooth free-form surfaces with minimal 
user input, and adopt a spanning tree algorithm for fast 
surface patch identification. 

3) Given the articulated sketches, we present an effective   
algorithm to generated shape of the surface mesh using 
a finite element method (FEM). We use harmonic 
interpolation by solving Laplacian equation. 

4) We developed an interactive modeling system to test 
various   drawings. It is proved that the system can 
create many reasonable shapes   from the profile and 
silhouette sketches 

The paper is organized as follows. After a review to the 
related research in Section II, we provide an intuitive and 
mathematically elegant solution to 3D space curve 
determination from a 2D curve in Section 3. The proposed 
free-form surface generation is presented together with both 
boundary identification and internal interpolation in Section 4. 
Then some models created with the new method are detailed in 
Section 5. Finally, we draw the conclusions and discuss 
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Fig. 1. The user draws the 3D shape from 2D sketches (from left to right): (a) User draws the profiles on the 2D interface. (b) Our  program infers the 3D 
curve from the 2D sketches, including the normal information. (c) The surface patches are identified. (d) The triangular mesh is generated by solving 

Laplacian equations. (e) The created model is texture-mapped. 

possible future work. 

II. RELATED WORK 
Many techniques are used by artists in order to suggest the 

object’s shape such as characteristic lines or shaded areas. 
Since drawing is a familiar task for a lot of people, ‘sketching’ 
has been introduced as a natural alternative for 3D modeling 
tasks.  We can find that the existing sketching approaches can 
be divided into three categories: the line-and-stroke approach, 
the painting-or-shading approach, and the curve-and-gesture 
approach. The approach proposed here belongs to the first 
category. 

The principle of the line-and-stroke approach is to infer a 3D 
volume from characteristic lines drawn by a user. When 
ambiguities occur, they can be removed by user's selection of 
the correct model into a list of possible reconstructions. In these 
cases, spline curves are usually used as described in [2, 3]. 
Modifying existing curves by over-sketching was initially 
presented by [4]. This approach has been adopted for curve 
modification and manipulation by [5, 6]. [5] used the 
correlation between the curve and its shadow as a visual cue to 
help the user compute and modify the shape of the 3D curve. [7] 
take a multi-view sketching approach using epipolar lines as 
cues to deduce shape information. The epipsolar geometry 
approach works for simple cases but fails to give desirable 
results for more complex objects. 

In the recent past, there has been some research devoted to 
extract depth information from 2D curves and strokes directly. 
Most of the existing literature on space curve generation relies 
on the domain specific knowledge. The edge-vertex graph 
method has been utilized to extract the depth information in 
systems best suited for architectural designs and CAD type 
applications [8,9]. Furthermore, [10] use an interesting domain 
specific learning based approach using geometric correlation to 
deduce the 3D model that is again more suitable for CAD tools. 
The underlying assumption behind this learning technique is 
that the input sketch comprises of straight lines and thus does 
not account for free-from curves. It also follows from the paper 
that the human ability to perceive the 3D information from 2D 
sketch is based on prior knowledge about the drawn object or 
scene. However, learning based methods are computationally 
expensive. 

One of the earliest examples of constructing free-form space 

curves is the 3-Draw system [11] that extracts the 3D 
coordinate information by using a tracker-based system. A 
curvature minimizing approach was followed by [12]. [13] 
utilize the input sketch to generate a curved canvas where the 
drawn curve essentially becomes an extruded surface from a 
given viewpoint providing the user the capability of drawing 
non-planar curves on that surface. [14] use the approach of 
oriented projective representations of 2D points, but they do 
not generate actual 3D values from 2D points. 

Recently, some papers have been presented on fitting 
surfaces to a network of curves. Teddy [1] is one of the 
exemplary works in the field of free-form surface generation 
using polygonal representation. [15] on the other hand used a 
parametric representation of surface using a constraint based 
design. Volumetric representation is also used effectively by 
[16]. Furthermore, recent researches on surface generation 
techniques use implicit surface representation. Notably, [17] 
obtain an analytical convolution surface from sketched 
silhouettes. And [18] make clever use of lofting techniques to 
create subdivision surfaces from curve network. 

The harmonic interpolation [19] technique is different from 
the many previous methods for generating the 3D surface mesh. 
The technique is automated by solving Laplacian equations. 
Since the surfaces are assumed free-form and the network of 
silhouettes is assumed very steady, forming the skeleton. Once 
the skeleton is determined to have a specific shape, the surface 
is stretched or shrunk to conform to the skeleton shape. So such 
shape modeling technique can give a physically plausible 3D 
shape on the sketches. Our system generates free-form surfaces 
from sketched network of curves by using a Delaunay 
triangulation [20] followed by Laplacian interpolation of mesh 
vertices and surface fairing. 

III. CURVE SKETCHING 
For modeling users’ drawings, it seems not to be appropriate 

to generate realistic profiles and extract them without referring 
to actual topology analysis, because 3D models usually have 
complicate profiles. To the best of our knowledge, there is no 
literature on research that performs domain independent 
mathematical treatise to generate intuitive free-form space 
curve. Here we present an interpolation method to address this 
issue by finding the depth of the sketched 2D curve points that 
approximates the minimum curvature 3D curve. The method 
discussed here tries to empower the user by simplifying the user 
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interface, and shortening the system learning time of the user as 
well as the and overall time to sketch the object. 

Firstly, we assume that the depth values of the control points 
are equally spaced and the closest point on the curve from any 
control point has the same depth value as the control point. 
Hence if we identify these key points on the curve that are 
closest to the control points and space their depth values 
equally, we will have the first approximation of the space curve. 
Since we do not have these 3D Bezier curve control points and 
hence of its 2D projection, identifying even the correct number 
of key points is difficult. However we can find that the number 
of critical points in the curve is the lower bound on the number 
of control points of the hypothetical Bezier representation of 
the same curve. Hence the fundamental source of 
approximation in our algorithm for curvature minimizing depth 
interpolation comes from the fact that we assume that these 
critical points are key points.  

 
 
The second source of approximation comes from the fact that, 

there need not be a critical point corresponding to every control 
point. Hence all the required control points cannot be found by 
just one sequence of critical points. Differing from the previous 
approaches which hierarchically subdivide the curves, we solve 
this issue of selecting the key points, by simplifying the original 
2D curve from the first point location. In practice, the hieratical 
method usually obtains the slow convergence, because that it 
takes much iteration to capture the key points, due to the local 
smoothness of the 2D curve. On the other hand, if we assume 
the starting point could be the key point, the alterative solution 
comes naturally and effectively. As shown in Fig. 2, the basic 
idea of simplification is eliminating intermediate nodes in a 
straight boundary segment except two end nodes. Based on this 
idea, the algorithm inherently includes a routine for simplifying 
a curved boundary exactly made of many small segments. This 
is an artifact caused by the digitalizing the user's drawing. 

In this case, the key points are extracted by the curve 
simplification. And the specific algorithm proposed here is 
based on the concept that newly simplified boundary segments 
are within a preset tolerance from original curve segments from 
2D user's drawing. We chose one deviation tolerance scheme 
that limiting a maximum error between newly generated 
simplifying stroke segments and original stroke segments in the 
simplifying process. For example, as illustrated in Fig. 2, 

through the boundary simplification, a simplified boundary 
segment from V0 to V5 because the difference between the 
intermediate points and the new line segment is limited to the 
preset tolerance. The next new line segment from V0 to V6, on 
the other hand, does not satisfy this requirement. Now V0 V5 
becomes a new simplified boundary segment and the algorithm 
selects the V0 and V5 to be the key points. 

In our implementation, the resulting 3D space curve, though 
a very close approximation of the curvature minimizing curve,  

Z

Z

Z0+(Z1-Z0)/4 

Z0+(Z1-Z0)/2 

Fig.3 Reconstruction of 3D space curves using our approximate 
(interpolation) method for different depth values.

Key point approximation from our 
approximation algorithm 

Original 3D Curve Original curve 

Key point approximation from 
our selection algorithm 

Fig.2  Illustration of our approximation algorithm to select the key points 
on original curve. 

has non-smooth, high frequency transitions of the depth values 
across the critical points. We use the Laplacian filter to obtain a 
final smooth space curve as it is extremely fast and simple as 
required by interactive sketching applications. However, it is a 
known fact that this filter produces shrinkage effect for 
geometric primitives. In our algorithm, the shrinking of curves 
is prevented by keeping the depth at the curve end points 
constant. We apply a few iterations of this smoothening filter 
only to the interpolated depth values of all the interior points on 
the curve, as follows:  

' (i iz z z)λ= + Δ  
where   
 

1 1(( ) / 2) , 1.0i i iz z z z λ− +Δ = + − <             (1) 
 

In this way, the system produces an excellent approximation of 
the curvature minimizing curve. (See Fig. 3). 

From our test, this simplification routine can smooth an 
outline as well as reduce the number of the points lying on the 
curve. According to our experimental results, the algorithm can 
simplify the curve quantitatively but remain the shape well. 
Hence in this process of selecting the key points, more than 
95% of the original points are reduced, the remaining can be 
considered as the key points safely. Since we assume that all 
these critical points are representatives of key points, we assign 
equally spaced depth values within the range to the critical 
points. And the depth of all other points on the 2D curve is 
computed by linearly interpolating the depth between the 
critical points based on the curve length parametrization. 
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IV. SURFACE CONSTRUCTION 
After transforming the 2D curers into 3D, our system also 

has the ability to form these curves into a network (graph). In 
this process, we call the end points of a curve to be the linkage 
points. And every point on the drawn curves could also be the 
linkage point, assigned by the users. Hence user could 
interactively specify the connectivity between the linkage 
points on the 2D interface. In this way, the curve network could 
be generated. Afterwards, we use an automatical process of 
patch identification, where the resulting network is the input. 
Once the patch boundary connectivity is known, the 
topological triangular mesh can be constructed, and then we 
can generates 3D surfaces by using Laplacian interpolation. 

A. Automatic Surface Recognition and Normal Smoothing 

Our goal is to generate the 3D free-form surfaces from a 
network of curves. In our current implementation, once the user 
sketches the desired shape of the object in the form of outline 
curves, the system should have some "intelligence" to help the 
user specify the connectivity of the face forming the surface. 

Theoretically speaking, the patch recognition is a 
cycle-search work in the undirected graph represented by the 
network of curves. However, in practice, only some of the 
cycles in the graph are proper to form the boundary of the 
surfaces. In order to find the selected surface quickly, we apply 
the breadth-first spanning tree algorithm starting at the vertex 
selected by the user. In this way, all the simple circles can be 
determined based on the spanning tree. And if there are 
multiple simple cycles found in the graph, the user can further 
extend the path staring from the root of the spanning tree. And 
the surface can be recognized eventually when the system can 
find a single simple circle. 

In addition, normal computation and interpolation are 
required on the boundary vertices, in order to estimate detailed 
shape information. Usually, the corner vertices in the input 
closed boundary curve sequence have at least degree three. 
Hence a normal vector with a stable local coordinate system 
can be computed at these corner vertices. For the vertices 
whose degrees are one or two, we can set the normal manually 
for them. Then these coordinate systems are interpolated using 
quaternions at other intermediate vertices on the boundary 
curve. We use the publicly available spherical linear 
interpolation [21] for this purpose. In order to reduce the noise 
in normal estimation, the input segments which suffer from 
sharp transitions were smoothed. 

B. Triangulation and Harmonic Interpolation 

After we obtain all the surface patches and their boundary 
curves, the generation of the meshes for the 3D profiles has the 
following two steps: 

1) Topological Triangulation— The input to this step 
is a closed sequence of connected curves. The output 
is a topology of the triangulation (with unrefined 
geometric coordinates for the vertices) that consists 
of input vertices on the curve and the newly 
introduced vertices in the interior of the patch. 

2) 3D Interpolation of Surface Mesh— The triangular 
mesh is automatically extended to the shape that 
represents the freeform surface by harmonic 
interpolation. Afterwards, mesh refining is 
processed to reduce the geometrical noise in 
generated mesh. 

Specifically, in step 1, the boundary curves of the surface 
patches that are created in previous process are projected onto a 
plane that best approximates the curve points, which is a PCA 
method. Hence our triangulation method is applied on 2D 
domain, generally based on the Delaunay triangulation, where 
a triangle is created by joining nearest neighboring nodes as its 
edges. Since all the vertices having been projected onto the 
plane, such triangulation actually is a 2D Delaunay 
triangulation, called topological triangulation. Here, the input 
for mesh generation is a Planar Straight Line Graph (PSLG), 
including the vertices of the boundary curves projected onto the 
plane. A quality mesh generation program computes a 
constrained Delaunay triangulation that is a refinement of the 
input PSLG. You can see [22] for descriptions of this 
computation. The modeler uses the freely distributed program 
Triangle by [23] for this task. As a result, the topological 
triangular mesh that is suitably fine for modeling the surface is 
obtained. 

On the other hand, the nodes in the meshes which are 
obtained by triangulating the surface domain with the boundary 
curve constraints in 2D are interpolated to give a 3D shape by 
using the transformed profiles in 3D. The surface mesh vertices 
are interpolated to conform to the profiles transformed in 3D 
using Laplace interpolation. We seek to define the parametric 
surface by the function 

( , ) ( ( , ), ( , ), ( , ))f r s x r s y r s z r s=  

Fig.4. Interpolation of 3D surface mesh 

representing the 3D surface mesh shape, where r and s are the 
parameters for a position in the 2D plane domain Ω . We now 
specify ∂Ω  be the outline of the patches projected onto the 2D 
plane, and let Γ be the original 3D surface profiles which is 
interactively modeled and automatically captured before. There 
are two kinds of boundary conditions applied to the domain Ω , 
the one is a Neumann boundary condition defined at ∂Ω  
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because ∂Ω  is considered as free, and the other is a Dirichlet 
boundary condition defined at Γ , which are illustrated in Fig.4. 
Let ( , )g r s be the forced boundary condition at Γ , which is 
given by the 3D curves generated interactively as discussed 
previously. The interpolation problem is mathematically 
defined as follows. 
 

2 2
2

2 2 0f ff
r s

∂ ∂
∇ = + =

∂ ∂
     for                      (2-1) ( , )r s ∈Ω

( , ) ( , )f r s g r s=     for ( ,         (2-2) )r s ∈Γ

0f
n
∂

=
∂

           for ( ,          (2-3) )r s ∈∂Ω

 
Functions that satisfy Laplace's equation, , are called 

harmonic functions, which is usually interpreted as partial 
differential equations. The function f specified by Equations (2) 
can be viewed as 3 harmonic functions defined in 

0F∇ =

Ω  that 
interpolates ( , )g r s  on . The application of this mathematical 
concept to the surfaces with complicated boundaries starts from 
discretizing the domain into simple geometrical shapes like 
triangles. The parameters r and s represents the coordinates of 
the vertices in the discretized 2D domain. The coordinates of 
the transformed profiles in 3D space are treated as the 
discretized values of 

Γ

g  at . Now the Laplace interpolation 
problem of the surface mesh is solved by a finite element 
method (FEM) defined for the discretized domain. However, 
we do not need much of the apparatus of the FEM, because in 
this simple case, the linear equations for the coordinates,

Γ

kx , , 
and , can be formed from a single parameter, 

ky

kz ijγ , associated 

with the mesh edge between vertices  and iP jP , as shown in 

Fig.5. Because we are using a Delaunay triangulation, ijγ  has a 
simple geometric description. For an edge internal to the mesh, 
let  and  be the mesh triangles that share the common 
edge between  and . Let  and  be the 

circumcenters of  and , then

AT BT

iP jP AQ BQ

AT BT =|| || / || ||ij A B iP jQ Q Pγ − − ; 
which is discussed in detail by [24]. 

If the edge  to  is on the boundary of the surface, then 

 has no neighbor

iP jP

AT BT . In this case, BQ  is the midpoint of edge 
 to iP jP  and  must be acute so that  stays in . This 

restriction on the triangles at the 3D surface boundary basically 
requires the mesh to be adequately fine and well shaped near 
the boundary. To compute the discretized coordinate 
function,

AT AQ AT

( , )x r s , the FEM method specifies a system of linear 
equations of the form Ax b= , where kx  is the value of the 
coordinate function at mesh vertex . In Equation (3), we give 
the form of the equation associated with a mesh vertex, , not 
on the surface skeleton, that is connect to m neighboring mesh 
vertices,

kP

iP

kj
P , 1k =  to  by mesh edges. m

1 1

, ,( )
k k

k k

i j i i j jk
m m

x xγ γ
= =

0− =∑ ∑        (3) 

Fig 5 Neighboring triangles of a Delaunay edge

If ( , )i i iP r s=  lies on the surface profiles, then the equation is 
simply ( , )i sk i ix x r s= . This is a system of linear equations with 
sparse matrix, A , which can be solved by most sparse matrix 
techniques or software. A system of equations with the same 
matrix, but different right hand side vectors is also specified for 
the discretized coordinate functions  and . 
Efficiencies in computing the harmonic interpolating mesh can 
be gained by observing that these three systems of equations all 
have the same matrix of coefficients. 

( , )y r s ( , )z r s

Once topological structure and geometrical interpolation for 
surface patches is finished, final geometric positions of the new 
vertices are further computed to make the limit surface fair. Our 
approach to surface refining provides a large number of internal 
vertices having degrees from five to eight. It is simple, and has 
fast convergence. It can handle models with any arbitrary genus 
and works for convex patches and those with low concavity. 

V. EXPERIMENTAL RESULTS 
We have tested our approach generating a number of simple 

models. Figs.1 and Fig.7-11 show some of the sketch-based 
models accursed using our interactive method. Most of the test 
cases are used with normally six to ten curves, producing a 
similar number of patches. 

Table 1 summarizes our results and their performances. And 
Fig.6 shows the scalability of our algorithm on the size of 
model. It took an average of about one minute for the users to 
sketch simple models using our system, and the automatic 
generation was executed at interactive rates on a 2.4 Ghz 
Pentium 4 CPU with 1GB RAM.  

Our system provides a simple interface where the user can 
draw lines, rotate the view and continue drawing until the 
desired shape is achieved. The identification of surface patches 
is automatically completed, but currently needs the user's 
indication. The recognition work will be improved to be further 
self-acting and interactive in future. In order to reduce the 
effect of the possible outliers in the surface fairing procedure, 
we damp the migration of vertices, only allowing 
displacements proportional to the length of surrounding edges. 
This way the relative movement of vertices is controlled by a 
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user-defined parameter. The surface generated gives a coarse 
representation of the object and can be further refined using 
subdivision surfaces. 
 
TABLE 1: THE COMPUTATION TIMES GENERATED MODELS USED IN 
THIS PAPER. COMPUTATION TIMES(SECONDS) MEASURES THE 
TOTAL TIME ON A 2.4GHZ P4 BEGINNING WITH READING THE 
INPUT SKETCHES AND ENDING WITH WRITING THE TRIANGULAR 
OUTPUT MESH. 
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Fig. 6 (Left)The effect of the number of the vertices on the running time 

(seconds). (Right)The effect of the number of the triangles on the running 
time(seconds). 

 

 
Fig. 7 One tetrahedron model generated by our system with the input sketches. 

See Color Plate 20. 
 

 
Fig. 8 Our system creates the mesh model for tree design (left). The textured 
tree model is rendered in the virtual environment (right). See Color Plate21 

 

VI. CONCLUTIONS AND FUTURE WORKS  
In this paper we have addressed the problem of generating a 

free-form surface from a network of curves which are in turn 
generated using 2D sketches. The 3D space curve generation 
technique uses a single view information about a 2D curve to 
find the curvature minimizing 3D curve. We believe that the 
mathematical rigor used to explain the intuitive space curve 
generation would find its use in perceptual studies. Compared 

 
Fig. 9  Textured result of the house model corresponds to Fig.11. See Color 

Plate 22 
 

 
Fig.10 Triangular mesh constructed for leaf model design(left). The generated 

leaf surface is texture-mapped (right). See Color Plate 23. 
 

with the previous sketch-based approaches relying on the 
iterative optimization strategies which frequently fell into local 
minima or mangled the surface mesh, our 3D surface 
generation using the network of curves is simple but efficient 
that is required for interactive applications like sketch-based 
modeling. In particular, we have also explored the 
physically-based method (FEM) to utilize the Laplacian 
interpolation to shape the mesh from the silhouette and profile 
curves. Since generated surface might not be the final surface 
that the user intends to keep, once the initial surface is 
generated, users can modify the shape of the model 
interactively, with locally estimating the normal and position 
for each mesh vertex, thus making the system analogous to a 
virtual sculpting tool. 

Planned future work in our sketch-based free-form modeling 
system includes more intelligent and automatic shape 
identification for surface generation, e.g., currently we are 
trying to use heuristics to determine the more plausible shape to 
be generated. In addition, future investigation will attempt to 
improve the surface reconstruction algorithm, including 
extensions to sketches that cannot be described by a connected 
graph. And we will design for the soft curves and improve the 
stroke merging algorithm to increase the performance. 

Model Fig. #Curves(input) #Vertices #Triangles Time

Quadrangular 
Frustum 1 12 692 1419 37s 

Tetrahedron 7 8 718 1432 41s 

House Model 9.11 15 1304 4604 85s 

Tree Model 8 20 1874 3740 88s 

Leaf  Model 10 10 2132 4436 136s
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Fig.11 House Model Designing: Network of sketch curves with normal computation (left). The triangular mesh is constructed with Laplacian interpolation 

(center). The generated model after surface refining (right). 
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